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Forms of Affine Space
by
S. Subramanian
Let k be a field and ks its separable closure. Let A be a finitely generated
k algebra such that A ⊗k k
s is isomorphic to the polynomial algebra in n-
variables over ks. Let V be an n dimensional ks vector space so that
ϕ :
⊕
n≥0
SnV → A⊗k k
s
is an isomorphism of ks algebras.
(Here we adopt the convention that S0V is the field ks).
Let V0 be a k-vector space of dimension n contained in V such that V0⊗kk
s
is isomorphic to V as a vector space via the inclusion map V0 ⊂ V . Then
the k-algebra ⊕
n≥0
SnV0
(again with the conventions that S0V = k), is a k-subalgebra of
⊕
n≥0
SnV .
The map ϕ induces a map of k-algebras,
ϕ :
⊕
n≥0
SnV0 → A⊗k k
s.
It follows that there is a map
ψ :
⊕
n≥0
SnV0 → A⊗k 1 ⊂ A⊗k k
s
of k-algebras and a factoring
⊕
n≥0
SnV0
ψ
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AA
A
ϕ
// A⊗k k
s
A⊗ 1
;;wwwwwwwwwww
(We note that this factoring exists precisely because ks/k is a separable
extension. In the inseparable case, this is not true).
¿From the construction, it is obvious that after tensoring with ks, ψ⊗ ks
is isomorphic to ϕ. Since ϕ is an isomorphism of ks algebras, it follows that
ψ is an isomorphism of k-algebras. We have thus shown:
1
Theorem: Let k be any field and ks its separable closure. Let X be an
affine variety over k which is isomorphic to affine n-space over the field ex-
tension ks. Then X is isomorphic to affine n space over k.
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